We study analytically the (NϪ1)-fold degenerate Hopf bifurcation at which N stationary modes with identical parameters become unstable in a model of a solid-state laser with intracavity second harmonic generation. We use the normal form method and exploit the symmetries of the problem. Up to Nϭ3, stable periodic antiphased solutions emerge from the Hopf bifurcation. For Nϭ4, stable quasiperiodic solutions arise from the degenerate Hopf bifurcation. For NϾ4, the quasiperiodic solutions may be unstable. Then chaotic itineracy is observed numerically close to the degenerate Hopf bifurcation. ͓S1063-651X͑99͒07808-3͔
I. INTRODUCTION
Antiphase oscillations were studied theoretically and experimentally in coupled Josephson junctions ͓1,2͔, coupled chemical oscillators ͓3͔, olfactory systems ͓4͔, multimode lasers ͓5-15͔, and coupled laser arrays ͓16͔. In a solid-state laser with intracavity second harmonic generation ͑ISHG͒ operating on N longitudinal modes, this type of oscillations can appear after a Hopf bifurcation of the cw regime characterized by an equal intensity of all the modes. When all the excited modes belong to the same electric field polarization and have equal gains, losses, and cross-saturation coefficients, this bifurcation is degenerate and produces different kinds of antiphase states. In particular, there is a periodic solution in which all modes oscillate with the same wave form but each mode has its phase shifted by 2/N from the previous mode. Permutation among the modes produces (N Ϫ1)! such states. These solutions have been referred to as type-1 antiphase dynamics ͑AD1͒ in the ISHG problem ͓10,11͔. They have also been called splay-phase states ͓16,17͔ or ponies on a merry-go-round ͓18͔. AD1 solutions are similar to the traveling ͑rotating͒ wave solutions described in a ring of coupled oscillators ͓16,19,20͔. Due to their high multiplicity, the AD1 solutions have potential applications as basic elements of rewritable dynamic pattern memory ͓21͔. Although these solutions are most commonly found in the context of laser antiphase dynamics, their stability properties for the ISHG model have never been studied systematically. This paper is an attempt to fill this gap. For that purpose, we derive the normal form equations governing the evolution of the laser modal intensities near the Hopf instability threshold. Using these equations we analyze the stability properties of the AD1 solutions oscillating on an arbitrary number of modes. We show that for the model we study, near the degenerate Hopf bifurcation point the periodic AD1 solutions are unstable if NϾ3. Stable AD1 regimes can appear only at a finite distance from the degenerate bifurcation point if the mode number N is small enough.
We describe the instabilities of the AD1 solution leading to quasiperiodic antiphase states. Though the validity of our analytical results is limited to a small vicinity of the degenerate Hopf bifurcation point, qualitative results concerning the antiphased properties of these quasiperiodic solutions turn out to be in a good agreement with those obtained by numerical integration of the original laser equations in a wide parameter domain. This paper is organized as follows. After this introduction, we present the model for ISHG lasers in Sec. II. In Sec. III, we introduce the general formalism for the analysis of the degenerate Hopf bifurcation of the N-mode solution based on symmetry considerations. The main section is Sec. IV where the explicit normal form is derived from the physical equations. In Sec. V, the general analysis is applied to the threemode regime, the only regime for which stable periodic AD1 solutions emerge though the Hopf bifurcation is degenerate. Section VI deals with the four-mode regime in which the Hopf bifurcation leads to stable quasiperiodic solutions. In Sec. VII we derive some properties of the bifurcating solution for five and more oscillating modes. The results are summarized and discussed in the conclusion.
II. MODEL EQUATIONS
A frequency-doubled solid-state laser can be described by the equations ͓22͔ Here I k (G k ) is the intensity ͑gain͒ of the mode k. The parameter is defined as ϭ c / f where c and f are the cavity round-trip and fluorescence lifetime, respectively. The cavity loss parameter is ␣, the linear gain is ␥, and ␤ is the cross-saturation parameter. These three parameters are assumed to be the same for all the modes. N is the total number of laser modes. We assume that all modes have the same electric field polarization. The parameter describes the nonlinear losses due to the frequency doubling process in the KTP ͑KTiOPO͒ crystal. Note that all modes are strictly equivalent since they have exactly the same parameters. Therefore Eqs. ͑1͒ and ͑2͒ are S N equivariant, where S N is the symmetry group consisting of all possible permutations of modal indices.
III. DEGENERATE HOPF BIFURCATION
It has been shown that for ,Ӷ1 and ␥ small enough, the only stable steady-state solution of Eqs. ͑1͒ and ͑2͒ is that for which all N lasing modes have equal intensities and equal gains ͓9͔ I j ϭIϾ0, G j ϭGϾ0, jϭ1, . . . ,N. ͑3͒
Increasing the pump parameter, this solution undergoes a Hopf bifurcation leading to antiphase oscillations of the modal intensities. The Hopf bifurcation condition is ͓9͔
͑4͒
where I 0 is the critical modal intensity and ϭ/. At the bifurcation boundary ͑4͒ the linear stability analysis of the solution ͑3͒ yields NϪ1 identical pairs of pure imaginary eigenvalues. Hence, for NϾ2 the condition ͑4͒ defines a degenerate Hopf bifurcation ͑hereafter referred to as H) that cannot be described by means of the usual Hopf bifurcation formalism. The degeneracy of the Hopf bifurcation results from the symmetries imposed by the equivalence of the laser modal parameters. Unlike a nondegenerate Hopf bifurcation which produces only a single branch of periodic solutions, the number of solutions bifurcating from the N-mode solution at H increases with increasing N. Among these solutions are the (NϪ1)! AD1 antiphased periodic solutions for which all N modes oscillate with the same wave form but with the phase shifted by 2/N from another mode ͓1͔. However, we show in the next sections that more solutions can exist, in particular, stable quasiperiodic antiphased solutions.
IV. NORMAL FORM EQUATIONS

A. Linear transformation
Consider the Hopf bifurcation point defined by Eq. ͑4͒. As already mentioned, for NϾ2 Eqs. ͑4͒ correspond to a degenerate bifurcation. After introducing the variables
where jϭ1, . . . ,N and I is the steady-state modal intensity ͑3͒, Eqs. ͑1͒ and ͑2͒ are transformed into ‫ץ‬ xϭJxϩK͑x,x͒, ͑5͒
where xϭ(x 1 ,x 2 , . . . ,x 2N ) T and K(x,x) is a vector whose components are homogeneous second order polynomials in the x j . The 2Nϫ2N Jacobian matrix J has the structure
where L 1 and L 2 are the 2ϫ2 matrices
and I 0 is the critical modal intensity defined by Eq. ͑4͒. The matrix L 2 results from the coupling between modes. The eigenvalues of the matrix ͑6͒ are
with jϭ1, . . . ,NϪ1, and 2 ϭ͑1Ϫ␤ ͒Ϫ͑ 1Ϫ ͒ 2 ,
The parameter is the deviation from the Hopf bifurcation point, and and ⍀ are the two relaxation oscillation frequencies ͓12͔. The Hopf bifurcation is possible only if 2 Ͼ0. In the following analysis we assume that ⍀ 2 is also positive. The stable eigenvalues N and 2N are associated with the eigenvectors belonging to the synchronization manifold x 1 ϭx 3 ϭ•••ϭx 2NϪ1 and x 2 ϭx 4 ϭ•••ϭx 2N , whereas the remaining eigenvalues are associated with the eigenvectors orthogonal to this manifold ͓23͔. The eigenvectors v l ϭ͕v lm ͖ (w l ϭ͕w lm ͖) of the matrix J ͑transposed matrix J T ) can be chosen as 
with jϭ1, . . . ,NϪ1. The relations ͑12͒ are equivalent to the sum rule derived in ͓10,11͔. We introduce the linear change of variables This symmetry corresponds to the permutation ͑ 1,2,3, . . . ,N ͒˜͑ 1,N,NϪ1, . . . ,2͒.
In the new variables ͑13͒, the sum of the mode intensities takes the form
where NI is the sum of the steady-state modal intensities. It follows from Eq. ͑19͒ that the time-dependent part of the total intensity is proportional to the imaginary part of the variable y N corresponding to the eigenvalue ϪNϩϪi⍀. This accounts for the fact that the total intensity of the modes exhibits only one relaxation frequency, which is ⍀ ͓12͔. The relation ͑19͒ also explains another peculiar feature of the total output laser intensity which appears in the course of the antiphase oscillations. Since y N and y N * are the only variables associated with eigenvalues having finite negative real parts at the Hopf bifurcation point ϭ0 in the limit t˜ϱ, these variables and, hence, the total output laser intensity, have much smoother behavior at least near H than the intensities of the individual modes ͓12,13͔, which can be expressed as linear combinations of the order parameters y k and y k * with matic representation of the antiphased regimes corresponding to the basis eigenvectors v 1 , . . . ,v NϪ1 is shown in Fig. 1 for Nϭ3, 4, 5, and 6. Each ray in this figure depicts a laser mode, whereas the angle between the rays describes the relative phase shift between the oscillations of the modal intensities. Periodic antiphase solutions emerging from H can be associated with linear combinations of the basis eigenvectors ͑9͒. In particular, for Nϭ4 there exist (4Ϫ1)!ϭ6 types of antiphased AD1 regimes which can be obtained by mode permutations. Only two of them, those corresponding to the eigenvectors v 1 and v 3 , are presented in Fig. 1͑b͒ . The remaining four regimes are associated with two pairs of linear combinations ͓v 1 ϩ(1Ϯi)v 2 ϯiv 3 ͔/2 and ͓v 3 ϩ(1Ϯi)v 2 ϯiv 1 ͔/2.
The linear coordinate change ͑13͒ with w jk defined by Eqs. ͑10͒ and ͑11͒ is similar to the discrete Fourier transformation which is used to study the dynamics of coupled oscillators ͑see, for example, ͓16,20,23͔͒. Therefore, the amplitudes y j can be considered as Fourier modes characterized by a certain wave number as shown in the next section.
B. Nonlinear analysis
Close to the Hopf bifurcation ͑4͒, we can transform Eqs. ͑14͒ into normal form equations governing the time evolution of the order parameters y 1 , . . . ,y NϪ1 . The transformation is performed in the vicinity of the steady-state solution with the help of near identity polynomial changes of variables ͓24-26͔. In the new variables z j , jϭ1,2, . . . ,NϪ1, the resulting unfolded normal form equations take the form
where jϭ1, . . . ,NϪ1, pϭ( p 1 , . . . ,p NϪ1 )у0, and q ϭ(q 1 , . . . ,q NϪ1 )у0. The coefficients A jpq of the normal form depend on the parameters of the original laser equations. According to the normal form theory ͓24͔ the sum over p and q in the right hand side of Eqs. ͑20͒ contains only third and higher order resonant terms which are characterized by
. This means that the right hand side of Eqs. ͑20͒ commutes with the S 1 circle group action generated by the transformation
This property is inherent in the Hopf bifurcation. In addition, the normal form equations ͑20͒ preserve all the symmetries of Eqs. ͑14͒. In particular, it follows from the symmetry property ͑16͒ that only the nonlinear terms which obey the relation
are present in the right hand side of the equation governing the evolution of the variable z j . By definition mod(a,b) is the fractional part of a/b. The remaining symmetry properties ͑17͒ of Eqs. ͑14͒ imply certain relations between the normal form coefficients A jpq . With these properties taken into account, Eq. ͑20͒ truncated to retain terms up to third order becomes
where jϭ1, . . . ,NϪ1, ␦ kl m j ϭ1 for mod (kϩlϪmϪ j,N) ϭ0, and ␦ kl m j ϭ0 otherwise. Explicit expressions for the complex coefficients a, b, and c in terms of the parameters of Eqs. ͑1͒ and ͑2͒ are given in the Appendix.
The symmetry property ͑18͒ results in the flip symmetry
of Eqs. ͑20͒ and ͑23͒. Together with Eq. ͑16͒, the symmetry property ͑24͒ constitutes the dihedral symmetry group D N . Therefore, the symmetry group of the normal form equations contains D N as a subgroup.
In the following sections we analyze the stability properties of the third order normal form equations ͑23͒ in the limit ,Ӷ1, ␣,␤,ϵϭO͑1͒, ͑25͒ which is suggested by the experiments ͓5͔. In the limit ͑25͒, using the asymptotic expressions for the normal form coefficients given in the Appendix, we obtain the scalings
Re a,Re bϾ0, Re c,Im a,Im cϽ0. ͑27͒
If N˜ϱ the normal form equations ͑23͒ can be written as
with a periodic boundary condition W(,Ϫ1/2)ϭW(,1/2), where is the continuous analog of the discrete variable jϪN/2) into Eq. ͑28͒ we get the normal form equations ͑23͒ which govern the time evolution of the Fourier modes z j . Hence, the Fourier mode z j can be associated with the wave number K j ϭ jϪN/2. In Eq. ͑28͒ the terms proportional to a and b describe the global coupling. In the absence of coupling (aϭbϭ0) the Hopf bifurcation is subcritical if Re cϽ0. As will be shown later, this inequality leads to the instability of the periodic AD1 solutions in a laser with mode number NϾ3.
According to the scalings ͑26͒, the real parts of the normal form coefficients can be neglected to leading order in . Then, Eqs. ͑23͒ at ϭ0 become conservative with an energy integral defined by
in agreement with a more general result valid not only in the vicinity of the instability threshold ͓27͔. In the conservative limit the third order normal form ͑23͒ has an additional integral defined by
In order to examine the antiphase properties of the normal form equation solutions, we need to come back to the variables x 2 jϪ1 describing the deviations of the modal intensities from the steady-state intensity
Any type of AD1 regime can be associated with a sequence ͕ j 1 , j 2 , . . . , j N ͖, where two consecutive indices j k and j kϩ1
correspond to modal intensities oscillating with the phase shift 2/N. Consider the solution of Eqs. ͑23͒,
where 1 is the nonlinear frequency shift proportional to the unfolding parameter . It describes the periodic AD1 regime corresponding to the temporal pattern ͕1,2, . . . ,N͖ associated with the eigenvector v 1 . Replacing y 1 in Eq. ͑29͒ by z 1 from Eq. ͑30͒ we get the relation
Ϫi(ϩ 1 ) ϩc.c., where the complex functions v 1,2jϪ1 determine the phase shift between the oscillating modal intensities I k and I kϩ1 which equals 2/N.
Let us suppose that the solution ͑30͒ undergoes a secondary Hopf bifurcation leading to a quasiperiodic solution. We assume that near the secondary bifurcation point the contributions of all the Fourier modes except for z 1 and z mϩ1 are negligible and the quasiperiodic solution can be written in the form
The solution ͑31͒ is characterized by two frequencies. The carrier frequency ϩ 1 is determined by the frequency of the periodic AD1 solution ͑30͒ and the envelope frequency is equal to the frequency splitting of the variables z 1 and z mϩ1 .
The temporal pattern ͕1,2, . . . ,N͖ associated with the antiphased carrier of the quasiperiodic solution ͑31͒ is the same as for the AD1 solution ͑30͒. Replacing y k by z k in Eq. ͑29͒ and neglecting the contributions of all the amplitudes except for z 1 and z mϩ1 , we get for the oscillating parts of the modal intensities x 2 jϪ1 ϷZ j ()v 1,2jϪ1 e Ϫi(ϩ 1 ) ϩc.c. The time dependence of Z j () determines the envelope of the quasiperiodic solution ͑31͒. Using Eq. ͑9͒, Z j () can be written as
where ⌬ϭ mϩ1 Ϫ 1 is the frequency splitting of z 1 and z mϩ1 and e 2im( jϪ1)/N describes the relative phase shift between the envelopes of the quasiperiodic modal intensities. It can be deduced from Eq. ͑32͒ that for ⌬Ͼ0 ͑⌬Ͻ0͒ the low-frequency antiphased envelope of the quasiperiodic solution ͑31͒ has the temporal pattern associated with the eigenvector v m (v NϪm ).
Similar considerations can be applied if the quasiperiodic regime ͑31͒ itself undergoes a secondary Hopf bifurcation leading to a three-dimensional ͑3D͒ torus. If such a bifurcation leads to the appearance of a third Fourier mode z nϩ1 (n m) oscillating at frequency ϩ nϩ1 such that ͉⌬Ј͉ ϭ͉ nϩ1 Ϫ 1 ͉Ӷ͉⌬͉Ӷ, then the resulting quasiperiodic solution will exhibit two envelopes associated with the eigenvectors v m ͑or v NϪm ) and v n ͑or v NϪn ). The first envelope is characterized by the frequency ͉⌬͉Ӷ, the second envelope has ͉⌬Ј͉Ӷ͉⌬͉.
V. THREE MODES
For a laser operating with three identical modes, H corresponds to two identical pairs of pure imaginary eigenvalues. In this case the normal form equations are D 3 ϫS 1 equivariant, where D 3 is the dihedral symmetry group which is isomorphic to the symmetry group S 3 of the original laser equations. D 3 is generated by
A detailed study of a Hopf bifurcation with D N symmetry was presented in ͓20͔. However, in our particular case, the relations ͑26͒ and ͑27͒ reduce substantially the number of possible stable solutions. For Nϭ3, the normal form equations ͑20͒ limited to the fifth order take the form
where j,kϭ1,2, j k, Aϭ2aϩc, and Bϭ2(aϩbϩc). We do not present here an explicit form of the fifth order coefficients p, q, r, and s since it is not important in the further analysis. Let us first neglect the fifth order terms in Eqs. ͑35͒. Then the solutions corresponding to the antiphase periodic oscillations of the modal intensities with the same wave forms but with a phase shift 2/3 from one mode to the next ͑periodic AD1 regimes͒ are given by
The solution ͑36͒ is invariant under the transformation (z 1 ,z 2 )˜e Ϫi (e i z 1 ,e Ϫi z 2 ), while the solution ͑37͒ is invariant under (z 1 ,z 2 )˜e i (e i z 1 ,e Ϫi z 2 ) with ϭ ϭ2/3 and, hence, they have the isotropy subgroup Z 3 ʚD 3 ϫS 1 ͓20͔. The eigenvalues determining the stability of the solutions ͑36͒ and ͑37͒ are
The stability condition Re ⌳ 1,2 ϭϪϽ0 implies that the AD1 solutions can be stable only if they are supercritical (Re AϾ0). The second pair of eigenvalues ͑39͒ describes the stability of the solutions ͑36͒ and ͑37͒ with respect to small perturbations of the Fourier mode z 2 and z 1 , respectively. For Re AϾ0, using the relations ͑26͒ and ͑27͒, we get the inequality Re ⌳ 3,4 Ͻ0 with Re ⌳ 3,4 ϷϪ2 Re b/Re A ϭO( Ϫ1 ). Hence, in the limit ͑25͒, the solutions ͑36͒ and ͑37͒ are stable if and only if they are supercritical (Re A Ͼ0). It can also be shown using the asymptotic expressions of the normal form coefficients given in the Appendix that in the limit ˜0, the condition ␤Ͼ1/4 is sufficient for the solutions ͑36͒ and ͑37͒ to be supercritical and stable.
Apart from Eqs. ͑36͒ and ͑37͒ the third order normal form equations have the following family of periodic solutions:
with constant . For Re (AϩB)Ͼ0 Eq. ͑40͒ bifurcates supercritically at H. It is stable when Re (2bϩc)Ͻ0. Since in the limit ͑25͒ we have Re (AϩB)ϷRe (2bϩc)Ϸ2Re bϾ0, the solution ͑40͒ is supercritical and unstable. It can be shown that if the fifth order terms in Eq. ͑35͒ are taken into account, the solution ͑40͒ splits into two limit cycles with ϭ0 and ϭ. The limit cycle with ϭ0 is invariant under Eq. ͑34͒ and, hence, it has the isotropy subgroup Z 2 ()ʚD 3 . For this regime, referred to as AD2 in ͓10,11͔, the intensities of two modes have the same wave form and same phase while the third mode is dephased by . The limit cycle with ϭ is invariant under the transformation (z 1 ,z 2 )˜e i (z 2 ,z 1 ). Therefore, it has the isotropy subgroup Z 2 (,)ʚD 3 ϫS 1 and corresponds to a situation where two modal intensities oscillate with the same wave form but are out of phase, while the third intensity has a small amplitude oscillation at half the period. It follows from this analysis that for typical values of the parameters for which the experiments are conducted, both limit cycles are unstable near H.
Thus, we have shown that in the limit ͑25͒ and for Re A Ͼ0 only periodic AD1 regimes can be stable near the Hopf bifurcation boundary in a three-mode laser. The stable eigenvalues ⌳ 3,4 defined by Eq. ͑39͒ are associated with antiphased damped oscillations. On the other hand, numerical simulations of Eqs. ͑1͒ and ͑2͒ indicate that far above H similar oscillations can become undamped. This corresponds to a secondary Hopf bifurcation which transforms the periodic antiphased AD1 regime into a regime with quasiperiodic modal intensities. An example is presented in Fig. 2 . Though such secondary bifurcation far away from the first Hopf bifurcation cannot be described in the framework of the normal form ͑35͒, the antiphased properties of the quasiperiodic solutions arising after secondary Hopf bifurcation can be explained using the formalism presented in this paper. One can see that both the carrier and the envelope of the quasiperiodic regime shown in Fig. 2 are of the AD1 type. Since this quasiperiodic regime bifurcates from the AD1 solution with the temporal pattern ͕1,2,3͖, its carrier is associated with the eigenvector v 1 shown in Fig. 1͑a͒ . The envelope of the quasiperiodic solution results from the interaction between the Fourier modes y 1 and y 2 . Therefore, depending on the sign of their frequency splitting ͓⌬ in Eq. ͑32͔͒, this envelope is associated with either the eigenvector v 2 or the eigenvector v 1 . In Fig. 2 the low-frequency antiphased envelope displays the temporal pattern ͕1,3,2͖ corresponding to the eigenvector v 2 . Therefore, in this case we have ⌬Ͻ0 in Eq. ͑32͒. Thus, the appearance of the quasiperiodic regimes can be related to the interaction between different types of periodic antiphased states, each one associated with an eigenvector of the biorthogonal basis of Fourier modes ͑9͒. In the subsequent sections we show that for Nу4 the normal form equations ͑23͒ can exhibit undamped antiphased quasiperiodic oscillations.
VI. FOUR MODES
In the case of four lasing modes, the symmetry group of the normal form equations is generated by ͑z 1 ,z 2 ,z 3 ͒ϭ͑ e i z 1 ,e i2 z 2 ,e Ϫi z 3 ͒, ϭ 2 , ͑z 1 ,z 2 ,z 3 ͒ϭ͑ z 3 ,z 2 ,z 1 ͒,
For Nϭ4 the third order normal form equations ͑23͒ take the form 
Ϫ7 , ␥ϭ43, ␤ϭ0.3, and tЈϭtͱ. ͑a͒ and ͑b͒ correspond to the same solution shown on two different time scales. The carrier ͑envelope͒ of the quasiperiodic solution is associated with the eigenvector v 1 (v 2 ) which is shown in Fig. 1͑a͒ and corresponds to the AD1 regime with the temporal pattern ͕1,2,3͖ (͕1,3,2͖).
where j,kϭ1,3, j k, and Aϭ2aϩc, Bϭ2͑aϩbϩc ͒, Cϭ2͑aϩc ͒. ͑43͒
Periodic solutions of normal form equations bifurcating from H can be classified by their invariance properties ͑iso-tropy subgroups͒ ͓20͔ . In our analysis we do not distinguish between the solutions belonging to the same group orbit, i.e., which can be obtained from each other with the help of permutations of modal indices. Since all such solutions have identical stability properties it is sufficient to consider only a single representative for each group orbit. It follows from the equivariant Hopf theorem ͓20͔ that Eqs. ͑41͒ and ͑42͒ possess at least five different types of periodic solutions with period 2/ at H. These solutions are listed below together with their isotropy subgroups:
AD2 22 :͑0,z,0͒, ͉z͉ 2 ϭ/Re ͑ Aϩb ͒, Z 2 ϫ͗͘, ͑46͒
AD2 11 :͑z,0,z ͒, ͉z͉ 2 ϭ/Re ͑ Cϩb ͒, Z 2 ϫ͗͘, ͑47͒ AD1 3 :͑z,zϪzͱ3,Ϫ2zϩͱ3z ͒, ͉z͉ 2 ϭ/͓4͑2ϩͱ3 ͒Re ͑ Cϩa ͔͒, ͗͑ 1 ,2/3͒͘. ͑48͒
Here ͗͘, ͗ 1 ͘, Z 2 , and ͗( 1 ,2/3)͘ are the groups generated, respectively, by , 1 , 2 with ϭ, and 1 with ϭ2/3. The solution ͑44͒ is invariant under cyclic mode permutation and has the isotropy subgroup Z 4 . The notation AD2 lm corresponds to the solution with two groups of oscillating modes consisting of l and m modes, respectively. All modal intensities in each group have the identical wave forms and the same phase, while the intensities of the modes belonging to different groups are out of phase. It follows from the relations ͑26͒ and ͑27͒ that the solutions ͑45͒-͑47͒ are always supercritical in the limit ˜0. The last solution ͑48͒ resembles the AD1 solution that appears in a threemode laser: three of the four modal intensities oscillate with the same wave form and such that each mode is phase shifted by 2/3 from another mode, while the fourth modal intensity exhibits a small amplitude oscillation with half the period. The stability conditions for all the solutions ͑44͒-͑48͒ can be derived analytically. In the limit ͑25͒ the solutions ͑45͒-͑48͒ are unstable with the real parts of the most unstable eigenvalues being O( Ϫ1 ). The eigenvalues determining the stability of the solution ͑44͒ are given by Eq. ͑38͒ and
As for Nϭ3, the condition Re ⌳ 1,2 Ͻ0 implies that the AD1 solution can be stable only when it is supercritical (Re A Ͼ0). Using the asymptotic expressions for the normal form coefficients given in the Appendix, it can be shown that Re A is always positive for ␤Ͼ1/5. In the following analysis we assume that the inequality Re AϾ0 is fulfilled. The eigenvalues ⌳ 5,6 describe the stability with respect to small perturbations of the Fourier mode z 3 . Using the relations ͑26͒ and ͑27͒ we obtain Re ⌳ 5,6 ϷϪ2 Re b/Re AϽ0. Finally, the eigenvalues ⌳ 3,4 describe the stability with respect to small perturbations of the Fourier mode z 2 . Since for physical parameter values we have Re cϽ0 ͑see the Appendix͒, these eigenvalues have positive real parts. This means that the AD1 solutions are unstable at least near H where the third order normal form equations are valid. This is in agreement with the results of numerical simulations of the normal form equations ͑41͒ and ͑42͒. For parameter values relevant to experimental situations, these equations exhibit quasiperiodic oscillations with two frequencies, one of them being determined by the Hopf frequency and the second being equal to the frequency splitting of the Fourier modes z 1 and z 2 . In the limit ͑25͒ using the inequality ͉Re a͉,͉Re c͉ Ӷ͉Re b͉,͉Im a͉,͉Im b͉,͉Im c͉ which is the consequence of Eq. ͑26͒, the quasiperiodic solution of Eqs. ͑41͒ and ͑42͒ can be approximated as
where
It is seen from the data shown in Fig. 3 that in the limit ͑25͒ these expressions are in good agreement with the results of numerical integration of Eqs. ͑41͒ and ͑42͒. Using Eqs. ͑51͒-͑54͒ and the relations ͑26͒, we get the asymptotic expressions ͉z 2 ͉ 2 ϭ͉z 1 ͉ 2 O() and ͉z 3 ͉ 2 ϭ͉z 1 ͉ 2 O( 2 ) for the quasiperiodic solution. Therefore, this solution is characterized by the hierarchy ͉z 1 ͉ӷ͉z 2 ͉ӷ͉z 3 ͉, which can be interpreted in the following way. Let us consider the secondary Hopf bifurcation of the AD1 solution ͑44͒ leading to a qua-siperiodic solution that takes place at Re ⌳ 3,4 ϭ0 (Re cϭ0). At this boundary the antiphase oscillations associated with the Fourier mode z 2 become undamped, leading to a weak antiphased modulation of the solution ͑44͒. The modulation frequency is determined by the frequency splitting of the Fourier modes z 2 and z 1 . This frequency vanishes at H. Since for Re cϭ0 we have Fϭ0 in Eq. ͑54͒ and hence z 2 ϭz 3 ϭ0 in Eq. ͑51͒, it becomes clear that the relations ͑51͒-͑54͒ describe the quasiperiodic solution bifurcating from the AD1 solution at the secondary bifurcation boundary Re ⌳ 3,4 ϭ0. Moreover, the relations ͑26͒ imply the asymptotic expressions Re ⌳ 3,4 ϭO(1), Re ⌳ 5,6 ϭO( Ϫ1 ), and, hence, the relation Re ⌳ 3,4 /Re ⌳ 5,6 ϭO(). Therefore, the hierarchial property of the quasiperiodic solution can be related to the fact that the effective distance from the secondary Hopf bifurcation threshold Re ⌳ 3,4 ϭ0 becomes very small in the limit ˜0 ͑the secondary bifurcation itself is not accessible in physical situations since Re c is always negative͒. This is why in the limit ͑25͒ the contributions of the Fourier modes z 2 and z 3 in Eqs. ͑51͒-͑54͒ vanish and the quasiperiodic solution ͑51͒-͑54͒ becomes very similar to the periodic AD1 solution ͑44͒. Since FϾ0 according to Eq. ͑27͒, and D Ϯ Ͼ0, we can conclude from Eq. ͑51͒ that the quasiperiodic solution ͑51͒-͑54͒ bifurcates supercritically at the secondary Hopf bifurcation threshold Re ⌳ 3,4 ϭ0 and, therefore, is stable near this threshold.
Let us examine the temporal pattern associated with the antiphased envelope of the quasiperiodic solution ͑51͒-͑54͒. Since this solution bifurcates from the AD1 solution ͑44͒, its carrier is determined by the eigenvector v 1 which is associated with the dominating Fourier mode z 1 and the temporal pattern ͕1,2,3,4͖. According to the results of Sec. IV B, the envelope of the quasiperiodic solution resulting from the interaction of the Fourier modes z 1 and z 2 is associated either with the eigenvector v 3 ͓⌬Ͻ0 in Eq. ͑32͔͒ or with the eigenvector v 1 ͓͑⌬Ͼ0 in Eq. ͑32͔͒. Since according to Eqs. ͑52͒ and ͑27͒ ⌬Ϸ͉z 1 ͉ 2 Im cϽ0, the frequency splitting of the Fourier modes z 1 and z 2 is negative, and the envelope of the quasiperiodic solution ͑51͒-͑53͒ corresponds to the eigenvector v 3 and the temporal pattern ͕1,4,3,2͖. This is in agreement with the results of a numerical integration of the original laser equations. Figure 4 Fig. 3͑a͒ , and tЈϭtͱ. ͑a͒ and ͑b͒ correspond to the same solution shown on two different time scales. The carrier ͑en-velope͒ of the quasiperiodic solution is associated with the eigenvector v 1 (v 3 ) which is shown in Fig. 1͑b͒ and corresponds to the AD1 regime of the type ͕1,2,3,4͖ (͕1,4,3,2͖). Fig. 4 presented using the coordinates y 1,2,3 defined by Eq. ͑13͒. PRE 60solution of Eqs. ͑1͒ and ͑2͒ calculated near H for the parameter values of Fig. 3 . The initial conditions were chosen in such a way that the carrier of this solution has the temporal pattern ͕1,2,3,4͖. The envelope of the quasiperiodic solution shown in Fig. 4 has the temporal pattern ͕1,4,3,2͖ as predicted by the normal form analysis. In Fig. 5 the same solution is represented using the Fourier modes y 1,2,3 which in the linear approximation coincide with z 1,2,3 . As for the solution of the normal form equations shown in Fig. 3͑a͒ , the Fourier mode y 1 determining the carrier type of the quasiperiodic solution dominates the hierarchy. The second dominating mode is y 2 , which determines the envelope type of the quasiperiodic solution (v 3 ). The smallest Fourier mode y 3 turns out to be of the same order as y 4 , which is not shown in Fig. 5 . The amplitude y 4 determines the oscillation depth of the total output laser intensity.
FIG. 5. Same solution as in
Thus, we see that in a laser operating in four identical modes, pure periodic AD1 regimes are always unstable in the vicinity of H if ␤Ͼ1/5 and in the limit ͑25͒. Instead of these regimes the third order normal form equations predict quasiperiodic hierarchical solutions characterized by antiphased carrier and antiphased envelope. However, according to our numerical observations the width of the applicability domain of the third normal form equations ͑23͒ decreases with the decrease of the parameters and . There exist at least two reasons for this phenomenon. The first one is that due to the singular nature of the laser equations ͑1͒ and ͑2͒ in the limit ͑25͒, H is a singular Hopf bifurcation ͓28͔. Very recently the singular nature of a Hopf bifurcation was also established in a model of a solid-state laser operating on n-⌳ transition. It was shown that the asymptotic expansions used in the Hopf bifurcation analysis are valid only for Ӷ 1/2 ͓29͔. This conclusion is supported by the results of numerical simulations of Eqs. ͑1͒ and ͑2͒, which show that the quasiperiodic solution arising at the primary instability threshold H can disappear via a secondary Hopf bifurcation of the corresponding AD1 solution. After such a bifurcation, which cannot be described by the third order normal form equations ͑23͒, the AD1 solution becomes stable. Moreover, we have found that as the parameter becomes smaller, the distance between H and the secondary Hopf bifurcation decreases. However, according to our numerical results, the stable AD1 regime arising after this secondary Hopf bifurcation usually undergoes a tertiary Hopf bifurcation leading once again to a quasiperiodic solution with antiphased properties similar to those predicted using our normal form analysis. This indicates that the qualitative conclusions derived with the help of the normal form method can remain valid even beyond the applicability domain of the normal form equations ͑23͒. Moreover, far above the first instability threshold H, we have observed numerically 3D tori with the carrier corresponding to the eigenvector v 1 and two antiphased envelopes corresponding to the eigenvectors v 3 and v 2 . This result indicates that when the linear gain parameter is large enough, the antiphased oscillations associated with the complex eigenvalues ⌳ 5,6 describing the stability with respect to small perturbations of the Fourier mode z 3 can become unstable. These oscillations produce an additional antiphased low-frequency envelope which exhibits a temporal pattern associated with the eigenvector v 2 displayed in Fig. 1͑b͒ .
The second factor that restricts the applicability of the normal form equations is related to the possibility of synchronization of the quasiperiodic solution. According to Eqs. ͑7͒ and ͑8͒ in the limit ͑25͒ the Hopf bifurcation frequency becomes ϭO(
Ϫ1/2
). On the other hand, taking into account the asymptotic expressions for the normal form coefficients given in the Appendix, we conclude that the envelope frequency of the quasiperiodic solution ͑51͒-͑53͒ is ͉⌬͉Ϸ͉z 1 ͉ 2 Im cϭO(
). Hence, for ˜0 the envelope frequency grows much faster than the carrier frequency . However, since the normal form equations ͑20͒ and ͑23͒ are valid only for ͉⌬͉Ӷ, for small enough the applicability domain of the normal form equations becomes very narrow, ӶϭO(). Outside this domain the carrier and the envelope frequencies can be of the same order and, hence, the synchronization phenomenon which cannot be described by the normal form equations ͑20͒ and ͑23͒ is possible.
For Nϭ4 we have a simple pair of pure imaginary eigenvalues at the secondary Hopf bifurcation boundary Re ⌳ 3,4 ϭ0. Therefore, each of the AD1 solutions generates only a single 2D torus. Therefore, one could expect that generically the total number of different stable hierarchical quasiperiodic solutions obtained by permutations of the modal indices coincides with the total number of different periodic AD1 regimes, i.e., ͑4Ϫ1͒!ϭ6. However, simple considerations indicate that synchronization of these tori may produce a greater number of stable periodic solutions. Indeed, a synchronization of the quasiperiodic solution characterized by the hierarchy ͉z 1 ͉ӷ͉z 2 ͉ӷ͉z 3 ͉ would produce periodic solutions with all three nonzero amplitudes. Neglecting the contribution of the smallest Fourier mode z 3 , we conclude that the periodic antiphased regime arising after synchronization corresponds to the linear combination z 1 v 1 ϩz 2 v 2 , where the phase difference between the Fourier modes z 1 and z 2 is fixed for a pure periodic solution. Though for ͉z 1 ͉ӷ͉z 2 ͉ such solutions are very similar to the AD1 solutions which are invariant under the isotropy subgroup Z 4 , the presence of the second Fourier mode z 2 0 breaks the symmetry with respect to cyclic permutations of modal indices. Therefore, in this case such permutations also can produce distinct periodic solutions. In particular, the symmetry breaking associated with the synchronization of the hierarchical quasiperiodic solution can lead to slightly different oscillation amplitudes for dif- ferent modes. Similar periodic solutions were observed numerically and one of them is presented in Fig. 6 . In this figure two pairs of modes have slightly different oscillating amplitudes. The existence of such a solution will imply from symmetry considerations the existence of at least 2͑4Ϫ1͒!ϭ12 distinct stable solutions which can be obtained with the help of modal index permutations. Stable periodic solutions for which all four modes have slightly different oscillation amplitudes were also observed for parameters close to those of Fig. 6 . In this case, the number of stable solutions obtained by permutations of the modal indices increases up to 4!ϭ24.
VII. FIVE OR MORE MODES
In this section we restrict our considerations to the stability properties of the antiphased AD1 solutions of Eqs. ͑23͒ having the isotropy subgroup Z N . All such solutions belong to the same group orbit and, hence, without loss of generality we can consider only a single solution defined by
The first two pairs of eigenvalues determining the stability of the solution ͑55͒ are given by Eqs. ͑38͒ and ͑49͒. As in the case Nϭ4, the eigenvalues ⌳ 1,2 determine whether the AD1 regime bifurcates supercritically or not. It can be shown that in the limit ͑25͒ the condition ␤Ͻ1/(Nϩ1) is sufficient for the AD1 solution to be supercritical. This corresponds to Re AϾ0 and we will assume that this inequality is fulfilled. Since we have Re cϽ0, the second pair of eigenvalues ⌳ 3,4 , which describes the stability with respect to small perturbations of the Fourier mode z 2 , is always unstable. For Nϭ5 the remaining four eigenvalues are given by
⌳ 6,8 ϭ⌳ 5,7 * .
͑57͒
For Nу6 there exist NϪ5 additional pairs of complex eigenvalues
Here A, B, and C are defined by Eq. ͑43͒. The eigenvalues ͑56͒ and ͑57͒ describe the stability with respect to small perturbations of the Fourier modes z 3 and z NϪ1 . In the limit ͑25͒ the eigenvalues ⌳ 5,6 have negative real parts. We have found that for Nϭ5, depending on the sign of the real parts of the eigenvalues ⌳ 7,8 , the normal form equations can exhibit two different types of behavior. If Re ⌳ 7,8 Ͻ0, the only unstable eigenvalues are ⌳ 3,4 . In this case the solutions of the normal form equations ͑23͒ are quasiperiodic and characterized by a hierarchy similar to that obtained for Nϭ4. Specifically, for the hierarchical solution with dominating Fourier mode z 1 , the second dominating mode which determines the type of low-frequency modulation of modal intensities is z 2 . Hence, depending on the sign of the frequency splitting of the Fourier modes z 1 and z 2 , this envelope is associated either with the eigenvector v 4 or with v 1 .
However, Re ⌳ 7,8 Ͼ0 in most physical situations. In this case quasiperiodic hierarchical solutions are unstable and numerical integration of Eqs. ͑23͒ yields more complicated irregular solutions as shown in Fig. 7 . This kind of solution can be related to a chaotic intermittency between different unstable quasiperiodic states, each associated with a certain AD1 regime. Similar antiphased solutions with slowly varying irregular envelope were observed by numerical integration of Eqs. ͑1͒ and ͑2͒ close to H. They are presented in Figs. 8 and 9. Unlike the hierarchical quasiperiodic solution described above, for which the carrier type does not change with time, the solution shown in Fig. 9 has a high-frequency carrier with a time-dependent temporal pattern. This intermittent behavior is similar to the chaotic itineracy found in ͓21͔. As in the case Nϭ4, stable AD1 solutions can appear for Nϭ5 by increasing the distance from H. Usually they appear in the following way. First, the quasiperiodic hierarchical solutions become stable. After that, these solutions merge into the AD1 solutions at the secondary Hopf bifurcation point. However, when the distance from H is further increased, the AD1 solutions usually become unstable again via a tertiary Hopf bifurcation leading to quasiperiodic solutions with the antiphased properties that can still be described qualitatively using the orthogonal Fourier basis ͑9͒. If, for example, the antiphased carrier type of the quasiperiodic regime corresponds to the eigenvector v 1 , the envelope type is determined by one of the remaining eigenvectors. Our numerical simulations also indicate the existence of solutions with two antiphased envelopes appearing on different time scales. Such solutions, obtained by numerical integration of Eqs. ͑1͒ and ͑2͒ with Nϭ5, are displayed in Figs. 10 and 11. One can see from these figures that while the antiphased carrier of the solution corresponds to the eigenvector v 1 and the temporal pattern ͕1,2,3,4,5͖, the two antiphased envelopes correspond to the eigenvectors v 4 with mode pattern ͕1,2,3,4,5͖ and v 2 with mode pattern ͕1,5,4,3,2͖. It follows from our analysis that these envelopes can be related to the eigenvalues ⌳ 3,4 and ⌳ 5,6,7,8 , respectively.
Finally, for Nу6 there are NϪ5 pairs of the eigenvalues ͑58͒, each of them describing the stability with respect to small perturbations of the Fourier modes z 3ϩk and z NϪ2Ϫk with kрNϪ5. Since Re cϽ0, these eigenvalues have positive real parts. Therefore, at least in the vicinity of H the number of unstable eigenvalues of the AD1 solution increases with the mode number N. This may be one of the main obstacles that prevents the observation of the pure periodic AD1 regimes in a frequency-doubled laser with large number of modes.
The stability analysis of the solution ͑55͒ performed using the normal form equations ͑23͒ is valid only in the vicinity of H. However, Eqs. ͑14͒ governing the evolution of the variables y j are isomorphic to Eqs. ͑1͒ and ͑2͒ if 2 Ͼ0 in Eq.
͑8͒. As already mentioned, the variable y j can be considered as a Fourier mode corresponding to the wave number K j ϭ jϪN/2. Now let us return to the expression ͑32͒ describing the envelope of a quasiperiodic solution which arises after a secondary Hopf instability of the AD1 solution ͑55͒. It follows from this expression that the temporal pattern of the envelope is determined by the wave number difference of the Fourier modes y 1 and y mϩ1 and by the sign of their frequency splitting ⌬. Hence, there exists a correspondence between the envelope pattern of the quasiperiodic solution and the wave number splitting of the basic Fourier mode y 1 and the second dominating ͑most unstable͒ Fourier mode y mϩ1 . We illustrate this statement by Fig. 12 Fig. 1͑c͒ . This eigenvector corresponds to the antiphased AD1 regime of the type ͕1,4,2,5,3͖.
between the counterpropagating waves with equal absolute values of group velocities.
VIII. CONCLUSION
We have studied the (NϪ1)-fold degenerate Hopf bifurcation that is responsible for the onset of the antiphase oscillations in a model of intracavity second harmonic generation. Using the normal form techniques and symmetry considerations, we have derived third order normal form equations ͑23͒ and ͑28͒ describing the mode interaction near the instability threshold. Since the normal form equations obtained are universal, they can be applied to study not only the ISHG problem but also an equivariant Hopf bifurcation in other systems consisting of globally coupled identical elements. With the help of these equations we have performed an analytical stability analysis of periodic solutions emerging at H. Specifically, in the parameter range typical of experiments, we have shown that if the mode number N is greater than 3, the usual periodic AD1 solutions characterized by equal phase shift 2/N between neighboring modes are usually unstable in the vicinity of H. Moreover, the number of unstable eigenvalues for these solutions increases with the increase of the mode number N. This might prevent the observation of the pure periodic AD1 regimes in a frequencydoubled laser with large number of excited modes. Note that for NϾ3 the instability of the AD1 solution is accompanied by the appearance of a strong resonance in the normal form equations ͓20,24͔.
The comparison of the analytical results with those of numerical simulations of the original laser equations shows that though in the limit ͑25͒ the validity domain of the third order normal form equations ͑23͒ is very narrow, antiphased quasiperiodic oscillations similar to those predicted using the normal form method can be observed even far above the Hopf instability threshold. These solutions are characterized by antiphased carrier and low-frequency antiphased envelopes, each of them corresponding to an eigenvector of the biorthogonal basis ͑9͒-͑11͒. Such kinds of regimes can be interpreted as a result of interaction between different antiphased states ͑Fourier modes͒ oscillating with slightly different frequencies and corresponding to different wave numbers. According to this interpretation the frequency and the temporal pattern of the antiphased envelope are determined by the wave number difference and the frequency splitting of the corresponding interacting Fourier modes each associated with a certain antiphase state.
It follows from our analysis that the coefficients of the normal form equations governing the evolution of modal intensities near H obey the asymptotic scalings ͑26͒. This implies the existence of a certain hierarchy between the real parts of the eigenvalues determining the stability of the AD1 regime, with some eigenvalues having absolute values of their real parts much smaller than the others. Therefore, one could expect that the relaxation frequencies associated with the eigenvalues having the smallest absolute values of their real parts might be detected in the fluctuation spectra of a stable AD1 regime which can appear at a finite distance from H. For Re cϭ0 in Eqs. ͑23͒ and ͑28͒, the AD1 solution of the normal form equations is neutrally stable with the number of neutrally stable eigenvalues increasing linearly with N. A related property, referred to as neutral stability of the splay-phase solution, has been reported in Josephson junction arrays ͓30,31͔ and in an array of linearly coupled solidstate lasers ͓16͔. In our model, instead of neutrally stable directions we have weakly unstable directions which correspond to eigenvalues having real parts of the order O( 0 ). Numerical simulations of Eqs. ͑1͒ and ͑2͒ show that the weakly unstable directions can be stabilized by increasing the distance from H and, as a result of this, stable AD1 solutions can appear. In the parameter range ͑25͒ we have not observed this stabilization for the mode numbers NϾ5.
We have also presented numerical evidence for a stable solution with slightly broken symmetry under cyclic permutations of modal indices which could be related to the synchronization on the antiphased torus. It follows from symmetry considerations that the number of such stable solutions should be greater than the number of the usual AD1 periodic regimes, which is equal to (NϪ1)!. 
